We present a detailed beyond-mean-field analysis of a weakly interacting Bose gas in the crossover from three to low dimensions. We find an analytical solution for the energy and provide a clear qualitative picture of the crossover in the case of a box potential with periodic boundary conditions. We also characterize the crossover for harmonic potentials in a model system with particularly chosen short and long-range interactions. Our analysis is applicable to Bose-Bose mixtures and gives a starting point for developing the beyond-mean-field theory in inhomogeneous systems with long-range interactions such as dipolar particles or Rydberg-dressed atoms.
We present a detailed beyond-mean-field analysis of a weakly interacting Bose gas in the crossover from three to low dimensions. We find an analytical solution for the energy and provide a clear qualitative picture of the crossover in the case of a box potential with periodic boundary conditions. We also characterize the crossover for harmonic potentials in a model system with particularly chosen short and long-range interactions. Our analysis is applicable to Bose-Bose mixtures and gives a starting point for developing the beyond-mean-field theory in inhomogeneous systems with long-range interactions such as dipolar particles or Rydberg-dressed atoms.
Recent experiments have demonstrated the stabilization of quantum droplets with weakly interacting gases with dipolar interactions [1] [2] [3] [4] , as well as Bose-Bose mixtures [5] [6] [7] . The basic ingredient for this remarkable phenomena is the near cancellation of the mean-field interaction such that the beyond-mean-field corrections become relevant, prevent a collapse of the Bose gas, and eventually lead to the formation of droplets [8] . These quantum droplets have renewed the interest in understanding beyond-mean-field effects [8] [9] [10] , but although these droplets are inhomogeneous and anisotropic, the theoretical analysis so far has mostly been based on the local-density approximation. In this letter, we present the behavior of the beyond mean-field correction beyond local-density-approximation for a dimensional crossover.
The leading correction to the ground state energy for a weakly interacting Bose gas in three dimensions has been pioneered by Lee, Huang, and Yang (LHY) [11, 12] , and has been well confirmed experimentally with cold atomic gases [13, 14] , and the analysis has been extended to dipolar interactions [15] . For lower dimensions, its behavior is well understood from the exactly solvable theory by Lieb and Liniger [16, 17] in one dimension, while the behavior in two dimensions has been studied in detail in the past [18] [19] [20] [21] [22] [23] [24] . On a theoretical level, the difficulties appear by the proper renormalization of the contact interaction. A natural approach to avoid this problem is the application of the theory developed by Hugenholtz and Pines [25] . This approach is highly suitable for the study of the crossover and has recently been applied for dipolar systems for a qualitative analysis of the crossover [9] .
In this manuscript, we calculate the beyond-mean-field correction for a one-component weakly-interacting Bose gas with scattering length a s in the crossover from three to two and from three to one dimension. We assume that the system is confined along one or two directions by a box potential with length l ⊥ and periodic boundary conditions. In this case the ground state is homogeneous and is characterized by the density n. We calculate the LHY for the 3D-2D crossover. Furthermore, it shows that λ is our small parameter and we require λ 1 for the validity of our results.
correction as a function of the dimensionless parameters λ = a s /l ⊥ and κ = na s l 2 ⊥ (see Fig. 1 ). The result is expressed in terms of known special functions allowing for an analytical description of both limits. In particular, on the low-dimensional side of the crossover (small κ) this method reproduces results obtained for purely low-dimensional models with two-body interactions correctly renormalized by the confinement [26, 27] . We also characterize the next-order term which has the form of a three-body interaction. We extend this crossover analysis to the case of a harmonic confinement by using a particular form of the interaction potential, which guarantees the Gaussian shape of the mean-field ground state wave function along the crossover, and derive the LHY corrections beyond local-density approximation.
The small parameter ensuring the weakly-interacting arXiv:1806.01784v1 [cond-mat.quant-gas] 5 Jun 2018
regime for a three-dimensional Bose gas is na 3 s 1. This condition can either be satisfied by small scattering lengths or in the dilute regime. With decreasing the density in the presence of a transverse confinement, the system crosses over into the low-dimensional regime signaled by the condition that the transverse level spacing
2 a s n/m giving rise to a dimensionless parameter κ = na s l 2 ⊥ ∼ µ/E ⊥ : The regime κ 1 describes a three-dimensional setup, while for κ 1 the system is effectively lower dimensional, see Fig. 1 . Furthermore in one dimension, it is well established that the strongly correlated Tonks-Girardeau regime is reached in the low-density limit, while weakly interacting bosons appear for high densities |n 1D a 1D | 1; here, n 1D = nl 2 ⊥ is the one-dimensional density and the 1D scattering length a 1D = −l 2 ⊥ /2πa s . Therefore, the proper small parameter controlling the weakly interacting regime in the full crossover regime is given by λ = a s /l ⊥ 1 , and κ is restricted to stay in the interval λ 2 κ 1/λ 2 , see Fig. 1 . By contrast, there is no lower-density limit for the weakly interacting regime in two dimensions and one requires κ 1/λ 2 . Written in terms of λ and κ, the beyond-mean-field correction in the three-dimensional regime takes the form [11, 12] 
In the following, it is convenient to express the ground state energy E[κ, λ] in the crossover in terms of the en-
Our approach for the determination of the beyondmean-field correction in the crossover is based on the theory developed by Hugenholtz and Pines [25] . This method is equivalent to the conventional approach based on Bogoliubov theory [28] , but naturally avoids difficulties with ultra-violet divergencies. One can understand this behavior as the divergencies in Bogoliubov theory only provide a correction to the mean-field term proportional to n 2 . In the approach of Hugenholtz and Pines the ground state energy is determined by a differential equation, that does not determine this mean-field term. From the differential equation and fixing the correct mean-field behavior in three dimensions, we obtain the ground state energy (see supplement material)
The first term in the integral accounts for the correction to the beyond-mean-field contribution in the crossover and takes the from
Here, ε = π u 2 + v 2 + w 2 /2 is the single particle excitation spectrum for periodic boundary conditions with Figure 2 . Beyond-mean-field correction in the crossover from 3D to 2D. The numerical evaluation for the beyond-meanfield correction is shown as black dots, while the asymptotic behavior for large κ 1 is shown as red line. The inset shows the regime with κ 1, where the system is in the quasi one-dimensional regime. The green line shows the analytical prediction within this regime.
u, v and w the three components of the single particle momentum in dimensionless units. Furthermore, the notation describes a summation over the transversal confined degrees of freedom, and an integration over the unconfined dimensions. The last term in the integral in Eq. (2) guarantees that the integral is convergent and vanishes for κ → ∞. It takes the form h 3D (κ) = − 64 
15
√ πκ , and is the corresponding expression to h(κ) for a threedimensional system.
Crossover to two dimensions: We start with the dimensional crossover from a three-dimensional setup towards a two-dimensional slab with just a single transverse dimension confined. The ground state energy in the crossover is denoted as E 2D . Then, = w dudv and the integrations dudv can be performed analytically leading to
with g(q 2 ) = 2q 2 q 2 +κ−2 +2κ −κ 2 . The summation can be performed by introducing a contour integral ∞ w=1 = γ dw cot(πw) with the contour γ surrounding the positive real axis. Then, only the integration along the branch cut of q 2 + 2κ contributes, while the pole at w = 0 cancels g(0) in the summation. By this procedure, we obtain
As a consequence, the ground state energy E 2D in the crossover from three to two dimensions takes the form
and is shown in Fig. 2 ; note that it is most convenient to show only the beyond-mean-field corrections ∆E 2D = (E 2D /E 0 − κ 2 )/λ. In the three-dimensional regime with κ 1, the transverse confinement leads to an attractive correction to the ground state energy,
which is non-vanishing even for κ → ∞. We expect that such a term weakens the stabilization of quantum droplets, where naturally a transverse confinement by the finite extent of the droplet appears. For the quasi two-dimensional Bose gas with κ 1, the ground state energy behaves as
. (7) This expression accounts for the negative beyond-meanfield correction to the ground state energy as well as the zero crossing, see Fig. 2 . The third term describes an effective three-body interaction due to quantum fluctuations, while the first two terms provide the ground state energy of a purely two-dimensional Bose gas. In order to establish the latter connection, we note that the ground state energy of a two-dimensional Bose gas takes the form
with the two-dimensional density n 2D = nl ⊥ and the twodimensional scattering length a 2D . The connection between the s-wave scattering length a s and a 2D in confined systems has been derived for a harmonic trapping potential [27, 29] ; its generalization to periodic boundary con-
2as e −γ ; see supplement material. Inserting this a 2D into the ground state energy of the two-dimensional Bose gas Eq. (8) and performing an expansion in the small parameter λ = a s /l ⊥ , we reproduce the first two terms in Eq. (7). Note that the expansion (7) implies κ λe −1/λ . Otherwise, for exponentially low densities, the two-dimensional small parameter 1/| ln n 2D a [18] is no longer dominated by λ but rather by the logarithm of the densities.
Crossover to one dimension: Next we focus on the dimensional crossover from a three-dimensional setup towards a one-dimensional tube with two transverse dimensions confined. The ground state energy in the crossover is denoted as E 1D , and the evaluation of h(κ) requires = w,v du. In contrast to the 2D situation, we first perform the integration over κ . Then, the expression for the beyond-mean-field correction reduces to Figure 3 . Beyond-mean-field correction in the crossover from 3D to 1D. The numerical evaluation of Eq. (9) is shown as black dots, while the asymptotic behavior for κ 1 is plotted as a red line. The inset shows the regime with κ < 0.15, where the system is in the quasi one-dimensional regime. The green line shows the analytical prediction from Eq. (10) where f ( ) = √ 2 + 2κ − − κ. Again, it is possible to derive an expression in well known functions by performing the double sum (see supplement material)
Here, ϑ 3 (z, q) = n q n 2 cos(2nz) denotes the Jacobi theta function, while I ν (z) is the modified Bessel function. The term involving C 1D is a shift to the mean-field energy due to the confinement defined as
where the summation omits the term v = w = 0. The beyond-mean-field correction ∆E 1D = (E 1D /E 0 − κ 2 )/λ along the crossover is shown in Fig. 3 .
Using the properties of Bessel functions, we expand Eq. (9) for small values of κ 1 and we obtain the leading corrections for the one-dimensional regime
with
88. These terms account for the attractive part of the beyond-meanfield correction as well as the zero crossing, see Fig. 3 . Again, we have a very clear interpretation of these results: the term with κ 3 provides an effective three-body interaction, while the other terms account for the ground state energy of a one-dimensional Bose gas. The latter is well established to take the form [16] 
Including the effect of the confinement-induced resonance [26] , the relation between a 1D and the s-wave scattering length a s takes the form (see supplement material)
Note, that the parameter C 1D is modified for periodic boundary conditions compared to a harmonic trapping [26] . Expanding the ground state energy of a 1D Bose gas in the small parameter λ = a s /l ⊥ therefore provides the first two terms in Eq. (10) . We find that the beyondmean-field contribution in the crossover also includes the leading contribution of the confinement-induced resonance. Finally, it is also possible to provide an analytical expansion in the 3D regime for κ 1, and the leading correction is attractive
with the constant
Harmonic confinement: Finally, we apply our understanding of the crossover to a system with harmonic confinement in the transverse directions; the trapping frequency is related to the transverse confinement length via ω ⊥ = /ml 2 ⊥ . We are not interested in mean-field modifications of the ground state wave function due to interactions, which was studied previously [30] [31] [32] , but rather on the beyond-mean-field correction for a setup, where the condensate remains in the lowest state of the harmonic confinement. Experimentally, this goal can be achieved for bosonic mixtures [8] . On the theoretical level, this goal is conveniently achieved by adding an attractive interaction potential, which is dominated by a large range r 0 l ⊥ , l ⊥ / √ κ within the tube elongated
Note, that such a potential does not contribute to the beyondmean-field corrections due to its large range, but guarantees that the condensate remains in the lowest energy state of the transverse confinement within mean-field theory.
We start with the analytic derivation of the leading correction in the quasi one-dimensional regime with the convenient definition κ = n 1D a s . The single particle excitation spectrum ε in dimensionless units with harmonic confinement in quasi one dimension is modified to = π/2 u 2 +(v+w) /2π 2 with v, w ∈ {0, 1, 2, . . .}. In general, the quasi particle excitation spectrum and the determination of h(κ) requires a numerical analysis. However, in the limit κ 1, we can derive an analytical expression for the ground state energy: the Bogoliubov excitation spectrum takes the form [E vw (u)] 2 = 2 + 2κ η v η w ; here, η v denotes the overlap of the harmonic oscillator wave functions ψ v (x)
Using the fact, that the beyond-mean-field correction includes the leading term of the confinement-induced resonance, we can derive the leading corrections (κ 1) to the ground state energy for the 1D crossover in analogy to the previous analysis (15) with
Note, that the term κ 2 is missing due to our special choice of the interaction potential leading to a precise cancellation of the mean-field contribution. Then, the first term on the right side is fixed by the observation, that the crossover provides the leading correction to the confinement-induced resonance with C h 1D ≈ 1.4603 [26] . The second term describes the beyond-mean-field contribution of a purely one-dimensional system. Finally, the term with κ 3 provides the leading correction, which again is a three-body term with
Note, that this three-body contribution is strongly distinguished from previously predicted three-body term due to the change of the ground state wave function within mean-field theory [30] [31] [32] . Here, we designed a setup where such a mean-field contribution vanishes and demonstrate that the quantum corrections lead to an additional three-body term. The behavior in the full crossover can be determined numerically, see supplement. For κ 1, the full numerics retrieves the expansion of Eq. (15), which accounts well for the zero crossing of the beyond-mean-field correction. Furthermore, for κ 1, the healing length ξ = l ⊥ / √ κ becomes much shorter than the transverse confinement l ⊥ , and hence we expect that the local-density approximation is well justified. Indeed the numerical analysis shows that the energy correction is exactly the one evaluated from the 3D LHY result integrating over the transversal profile within local-density approximation, i.e., E
Finally, the analogous calculation can also be performed for the 3D-2D crossover within a harmonic confinement with κ = n 2D a s l ⊥ . Then, the leading corrections to the ground state energy for κ 1 take the from
Again, the term κ 2 is missing by the special choice of the interaction potential. The first term is fixed in order to reproduce the correct renormalized scattering length a 2D , where C h 2D ≈ 0.905, which was derived in [27, 29] . An alternative derivation is presented in the supplement material. The second term is again an effective three-body interaction due to quantum fluctuations with B
Conclusion:
We present a detailed study of the beyond-mean-field corrections for a weakly interacting Bose gas. Starting with a box potential with periodic boundary conditions, we derive analytical expressions, which allow for the qualitative understanding of the crossover. The main observations are, that the crossover analysis not only leads to the low-dimensional beyondmean-field contribution but also naturally gives rise to the leading contribution to the confinement-induced resonance. Furthermore, the exact ground state energy in the full crossover is excellent described by the combination of the leading contributions for κ 1 and κ 1. This observation allows us to extend the analysis to realistic potentials with harmonic trapping potentials: then, it is again possible to analytically derive the leading contributions up to order λκ 3 , while the numerical analysis confirms that for κ 1 the ground state energy is well described within local-density approximation. These results are immediately applicable to Bose-Bose mixtures and give a starting point for developing the beyondmean-field theory in inhomogeneous systems with longrange interactions such as dipolar particles or Rydbergdressed atoms.
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Supplemental Material: Dimensional crossover for the beyond-mean-field correction in Bose gases 
BEYOND-MEAN-FIELD CORRECTION
In this paper, we use the field theoretic approach of Hugenholtz and Pines [1] to conveniently include the beyondmean-field corrections for the weakly interacting Bose gas. In their paper, Hugenholtz and Pines are able to connect the ground state energy to the Green's function of the excited particles. The Green's function can then be evaluated using the standard procedure in quantum field theory and they obtain in beyond-mean-field order
Here, ε 0 = 2 k 2 /2m is the single particle excitation spectrum, g = 4π 2 a s /m is the coupling constant, where a s denotes the scattering length, and n = N/V is the density of the gas. The chemical potential satisfies the thermodynamic relation µ = dE/dN . Hence, Eq. (1) is a linear first order differential equation for the ground state energy E. We now rewrite the differential equation in terms of the crossover parameter κ and arrive at
/2 is the single particle excitation spectrum in dimensionless units. We want to emphasize that this differential equation determines all terms except the mean-field terms of order κ 2 . Hence, the divergencies from Bogoliubov theory appearing by a renormalization of the mean-field term are prevented. The general solution of this differential equation takes the from
The constant A(κ * ) determines the initial condition of the differential equation and has to be chosen in order to reproduce the correct mean-field term proportional to κ 2 , while κ * denotes an arbitrary value. The proper determination of A(κ * ) is given by the condition to reproduce the correct ground state energy in Eq. (1) of the main text in the three-dimensional regime with κ 1, which leads to
This relation holds for all values of κ * so we choose κ * = κ and we arrive at E/E 0 = κ 2 (1 + λA(κ)). For large values of κ the first term of Eq. (2) vanishes and the second exactly provides the correct three-dimensional LHY correction.
EFFECTIVE SCATTERING LENGTH
We calculate the effective scattering lengths by making use of a two-channel model. In the open channel, we describe the two particles by the wave function ψ(x, y), whereas the closed channel is described by a single molecular state φ(z). The two channels are described by
where r and R are the relative and center-of-mass coordinate of the two particles. For Λ → 0 the function α Λ (r) → δ(r) and we recover a contact interaction in the open channel. The single particle Hamiltonians are given by H σ 0 = − 2 2mσ ∆ with m M = m a +m b . In the following, we restrict ourselves to scattering processes with particles of equal mass m a = m b = m. To connect the three-dimensional scattering length a s to the effective lower-dimensional scattering lengths, we first need to solve the coupled Eq. (3) in the three-dimensional case. We transform both equations to the center-of-mass frame. In the center-of-mass frame, the molecular wave function is simply a constant φ c and we obtain
For the remaining Eq. (4) we choose the ansatz
where we define the Green's function by
The far-field behavior of our ansatz yields a connection between the factor β and the low-energy scattering amplitude,
where
Thus, the scattering amplitude simplifies to
where we have introduced the renormalized detuning ν = ν 0 + g 2 G(0). Hence, we have found the connection between the scattering length and the parameters of the two-channel model
Quasi one-dimensional scattering
With the discussed procedure, we can now treat confined systems analogously and connect the effective scattering length a 1D to the three-dimensional scattering length a s . We will begin with a quasi one-dimensional geometry. We impose periodic boundary conditions and the allowed wave vectors are of the form k z ∈ R in the elongated direction and
w with v, w ∈ Z in the transversal directions. As we are interested in the quasi one-dimensional case, the particles occupy the transverse ground state (v = w = 0) and the kinetic energy along the z-direction is much smaller than the level spacing, k z 2π/l ⊥ . With the restrictions on the wave vectors in mind, the coupled Eq. (4) remain valid and so does our ansatz Eq. (5). Again, it is possible to find a connection between the quasi one-dimensional scattering amplitude and the factor β 1D using the behavior of the wave function at large interparticle separations,
Here,α Λ (p) denotes the Fourier transformed ofα Λ (r) and we separated the mode p x = p y = 0 in the last step. Finally, we arrive at an expression for the quasi one-dimensional scattering amplitude
where the effective scattering length a 1D is given by
This expression describes the confinement-induced resonance for a setup with periodic boundary conditions.
Quasi-two-dimensional scattering
Next, we calculate the effective two-dimensional scattering length a 2D in the same manner. The allowed wave vectors are of the form k y , k z ∈ R and k x = 2π l ⊥ w with w ∈ Z. The motion is restricted to the transverse ground state and an analysis of the far-field behavior of the given geometry gives an expression for the scattering amplitude
where we have introduced k
, and
l ⊥ px dp y dp z
Replacing the bare detuning ν 0 with the physical detuning ν, we arrive at
, where γ ≈ 0.577 is the Euler-Mascheroni constant, and we have used the relation
Hence, the effective scattering length in the quasi two-dimensional geometry is given by a 2D = 2l ⊥ e − l ⊥ 2as e −γ .
Harmonic confinement
In this part, we provide a derivation of the effective two-dimensional scattering length a 2D in a setup with harmonic confinement. Again, we resort to the previously studied two-channel model. The introduction of a harmonic trapping potential in x-direction changes the single particle Hamiltonian to
2 and gives rise to the harmonic oscillator length l ⊥ = /mω. The coupled Schrödinger equations in the center-of-mass frame reduce to
The single particle excitation spectrum is denoted as
We are interested in the quasi two-dimensional regime so the motion is restricted to the transverse ground state and our ansatz for the scattering wave function takes the form
with ρ = (y, z) T . In addition, ϕ n (x) denote the eigenfunctions of the harmonic oscillator. Then, the Green's function is given by
Again, we find the connection to the quasi two-dimensional scattering amplitude f
Thus, the quasi two-dimensional scattering amplitude in terms of the physical detuning ν simplifies to
.
For the evaluation of the difference
2 without loss of generality. Then, we can analytically evaluate the summation over the harmonic oscillator modes in G h 2D (k ρ ) and are left with the integration in momentum space,
Hence, the scattering amplitude f
, and we found an expression for the scattering length, a
reveals the connection to the constant C h 2D found in [2, 3] ,
, and we obtain
One can obtain the quasi one-dimensional scattering length in a harmonic confinement in the same manner and for completeness we will only give the expression first found by [4] here,
3D-1D CROSSOVER
In the following, we will briefly sketch the derivation of the function describing the entire crossover regime in the 3D-1D crossover. We start with
and perform the integration over κ first. The upper boundary of the integration vanishes and we obtain
We proceed by rewriting the integration over u by deforming the integration path into the complex plane. Then, the integral takes the from
. This allows us now to nicely separate the different contributions to the ground state energy,
Hence, we arrive at
As a last step, we want to get rid of the double summation. Therefore, we use 1
where we have made use of the definition of the Jacobi theta function ϑ 3 (z, q) = n q n 2 cos(2nz). Finally, we perform the integration over t,
, and arrive at the final result
3D regime with κ 1
Using the relation ϑ 3 (0, e −πx ) = ϑ 3 0, e −π/x / √ x, which is straightforward to prove using the Poisson summation formula, we find a suitable expression to perform the analytic expansion for κ 1,
Inserting into Eq. (9) of the main text, we see that Eq. (6) provides the correct 3D results, while Eq. (7) cancels the correction to the mean-field shift, Eq. (8) cancels the 1D beyond-mean-field correction, while the last term can now be expanded in the small parameter τ /κ, which provides the leading correction for large κ 1 with
HARMONIC CONFINEMENT
Bogoliubov theory in the 2D geometry with harmonic confinement
In the following, we study a system, where the mean-field correction is canceled by a second type of interaction, and the ground state remains always in the lowest harmonic mode of the transverse confinement within mean-field theory. Then, we can derive the Bogoliubov excitation spectrum in analogy to the situation with periodic boundary conditions. For simplicity, we focus on the quasi two-dimensional regime; the generalization to the quasi one-dimensional regime is straightforward and only briefly summarized below. We express the bosonic field operator in eigenstates of the non-interacting theory,
2 ⊥ the eigenfunctions of the harmonic oscillator and the oscillator length l ⊥ = /mω ⊥ . The quantum many-body Hamiltonian takes the form
with the excitation spectrum˜ k,w = 2 k 2 2m + ω ⊥ w and the interaction potential
In order to achieve the cancellation of the mean-field energy, we add an attractive interaction with a very long range. The combined interaction potential is suitably chosen as
The first term is the contact interaction with g = 4π 2 a s /m, whereas the attractive second part will not contribute to the beyond-mean-field corrections due to its long-range character. The mean-field part, however, is strongly influenced by the additional interaction, as µ = V 
Adding and subtracting the adjoint of Eq. (9) where η w = l ⊥ dz ϕ n (z) 2 ϕ 0 (z) 2 is the overlap of the harmonic oscillator wave function and =˜ /(4π 2 /ml 2 ⊥ ) = π(u 2 + v 2 + w/2π 2 )/2 is the single particle excitation spectrum. We define the crossover parameter as κ = n 2D a s l ⊥ and measure the energy in units of E 0 = √ 2π ω ⊥ L 2 /a s l ⊥ . From this expression, it is straightforward to determine the term with a dependence κ 3 and κ 2 ln κ, while the term proportional κ 2 has to be fixed to reproduce the correct mean-field result in the limit κ 1.
Bogoliubov theory in the 1D geometry with harmonic confinement
In analogy, we perform the analysis in the quasi one-dimensional regime. Again, we express the bosonic field operator in eigenstates of the non-interacting theory,
